Abstract. We establish upper bounds for the decay rate of the energy of the damped fractional wave equation when the averages of the damping coefficient on all intervals of a fixed length are bounded below. If the power of the fractional Laplacian, s, is between 0 and 2, the decay is polynomial. For s ≥ 2, the decay is exponential.
Consider the following damped fractional wave equation on R for s > 0 and γ : R → R ≥0 : (1) w tt (x, t) + γ(x)w t (x, t) + (−∂ xx ) s/2 w(x, t) = 0, (x, t) ∈ R × R + .
The damping force is represented by γw t . Herein, we study the decay rate of the energy of w, defined by
E(t) = (w(t), w t (t))
2 H s/2 ×L 2 := R |(−∂ xx ) s/4 w(x, t)| 2 + |w t (x, t)| 2 dx
Of course, if γ = 0, then the energy is conserved, i.e. there is no decay. On the other hand, for constant damping γ = c > 0, it can be easily shown that E(t) decays exponentially. For the case s = 2, the problem was initially studied on bounded domains under the so called Geometric Control Condition (GCC) [1, 15] which requires γ to be positive (in some sense) on certain geodesic curves determined by the geometry of the domain. On R, or more generally R d , the GCC simplifies to the following: there exist R and c > 0 such that for all line segments ℓ ∈ R d of length R,
In [11] , when d = 1 and γ ∈ L ∞ (R), it is shown that condition (2) is equivalent to exponential decay of the energy of solutions to (1). For d ≥ 1 and for more general Laplacians, (2) is shown to be sufficient for exponential decay of E(t) in [3] , with the requirement that γ be uniformly continuous in addition to being bounded. In certain cases where GCC fails, the energy may still decay polynomially [16, 7] or logarithmically [3] .
The damped fractional wave equation was recently introduced in [10] . It was noticed that for γ such that {x ∈ R : γ(x) ≥ ε} contains a periodic set, the rate of decay depends on the power s of the Laplacian in (1). For s < 2, the rate is polynomial, and for s ≥ 2 it is exponential. Herein, we relax this periodic condition on {γ ≥ ε} to simply require 1 that {γ ≥ ε} be relatively dense [5] , which means there exists R > 0 such that
where m is the Lebesgue measure. We will prove the following result.
for which there exists R > 0 such that
Then, there exists C, ω > 0 such that
for all t > 0 whenever the right-hand side is finite.
Notice that for γ bounded (in fact even for γ ∈ L p (R) with p > 1) the condition (4) is equivalent to {x ∈ R : γ(x) ≥ ε} being a relatively dense set for ε small enough. However, if γ ∈ L 1 (R), then (4) is the weaker condition.
The main ingredient in our proof is a resolvent estimate for the fractional Laplacian (Proposition 1 below). In proving this, we will rely on the study of uncertainty principles for the Fourier transform [5] which is defined by
The uncertainty principle we will use is a generalization due to O. Kovrijkine of the classical Paneah-Logvinenko-Sereda Theorem [12, 9] .
Moreover, c depends only on the number and size of the intervals, not on how they are placed.
In the proof of the proposition, we will only need the case when p = 2 and there are two intervals J 1 , J 2 .
In order to conclude the polynomial or exponential decay in Theorem 1, we will use the following two results on semigroups which connect resolvent bounds for the generator to the decay of the semigroup. For exponential decay, there is the following characterization from [6, Theorem 3] (See also [4, 14] ).
Theorem 3 (Gearhart-Pruss Test)
. Let e tA be a C 0 -semigroup in a Hilbert space H and assume there exists M > 0 such that e tA ≤ M for all t ≥ 0. Then, there exists C, ω > 0 such that e tA ≤ Ce Theorem 4 (Borichev-Tomilov). Let e tA be a C 0 -semigroup on a Hilbert space H. Assume there exists M > 0 such that e tA ≤ M for all t ≥ 0 and iR ⊂ ρ(A). Then for a fixed α > 0,
Resolvent Estimates
for all λ ≥ 0.
Throughout, we denote by · the norm · L 2 (R) . We begin with the following algebraic lemma.
Proof. First, for any s > 0, there exists d s > 0 such that
for all x, y ∈ R + . Now, consider two cases.
The function x → x s−1 (x − µ) is positive and increasing for x > µ + 1, so we can bound the final term from below by its value at |ξ| = λ 1/s + 1 which yields
(ii) If |ξ| ≤ λ 1/s − 1, then this implies λ ≥ 1. Therefore,
Therefore, there exists c s such that
where in the final step, we have used the fact that for p ≤ q, (
and that A λ is the union of two intervals of length 2. Therefore, by Theorem 2, there exists C > 0 (independent of λ and g) such that
Denote by P λ the projection
It only remains to estimate the final term. By Lemma 1,
To apply (5) to the wave equation (1), we first represent the wave equation as a semigroup: Setting W (t) = (w(t), w t (t)), we see that (1) is equivalent to
where
It is standard that A 0 is a closed skew-adjoint operator therefore e tA 0 is a semigroup of unitary operators. Then, since γ ≥ 0, for
, the domain of A γ is the same as A 0 . So, by classical semigroup theory [13] e tAγ is a C 0 -semigroup of contractions. We now apply Proposition 1 to A 0 and A γ . The first step is an observability inequality for the undamped wave equation (1).
Proposition 2.
Let Ω ⊂ R be relatively dense, s > 0. Then, there exists c > 0 such that
So, applying Proposition 1 to w 1 with s replaced by s/2, we have, for λ ≥ 0,
. We get the case λ < 0 by exchanging the roles of w 1 and w 2 .
Finally we extend this to A γ − iλI and prove Theorem 1.
Proof of Theorem 1
First notice that for any ε > 0,
So, (4) implies that {γ > ε} is relatively dense for ε small enough. Therefore, taking Ω = {γ ≥ ε} and applying Proposition 2, Applying the Theorems 3 and 4 allows us to conclude the main Theorem 1 from (7).
